The relevance of neglecting three-and four-body interactions in the coarse-grained version of the AsakuraOosawa model is examined. A mapping between the first few virial coefficients of the binary nonadditive hard-sphere mixture representative of this model and those arising from the (pairwise) depletion potential approximation allows for a quantitative evaluation of the effect of such interactions. This turns out to be especially important for large size ratios and large reservoir polymer packing fractions.
I. INTRODUCTION
The description of the thermodynamic properties of complex fluids is in general not an easy task. In it, one faces the presence of many degrees of freedom and maybe also different length and time scales. An approach that is usually followed is to recur to coarse-graining. In this approach, what one attempts is to integrate out the irrelevant degrees of freedom and hence to end up with a simpler (equivalent) system with an effective interaction that hopefully captures exactly the essential features of the real interaction. Achieving an exact coarse-graining is, however, also difficult. This is due to the fact that, even if the underlying original molecular interactions are pairwise, the resulting effective potential turns out to be in general a many-body one. For this reason, in the coarsegraining process it is usual to replace the full many-body potential by a simpler effective one in which only pair interactions are involved. The question then arises as to whether the thermodynamic properties derived with the effective potential provide a reliable account of the same properties for the original fluid.
In the early 20th century, Kamerlingh Onnes 1 introduced the (then empirical) virial series to provide a mathematical representation of experimental pressure-densitytemperature data of gases and liquids. In a broader context, one refers to a virial expansion of a given property when such a property is expressed as a power series in density. Thus, the virial expansion represents in principle a systematic way for calculating the properties of bulk matter, provided of course that the coefficients in the exa) Electronic mail: andres@unex.es; http://www.unex.es/eweb/fisteor/andres/ b) Electronic mail: malopez@unam.mx; http://xml.ier.unam.mx/xml/tc/ft/mlh/ c) Electronic mail: giacomo.fiumara@unime.it d) Electronic mail: franz.saija@cnr.it pansion (the so-called virial coefficients) are known accurately either through direct measurement or from theoretical developments. At least formally, one of the great achievements of statistical mechanics, and a major breakthrough in the theoretical approach to calculating virial coefficients involved in the equation of state of fluids, occurred when Mayer 2,3 was able to obtain general expressions for the corresponding virial coefficients in terms of sums of cluster integrals over the interaction among groups of fluid particles. In particular, the second virial coefficient depends only on pair interactions, while the third virial coefficient depends on two-and three-body interactions, and so on. If the intermolecular potential is simple enough, some of such virial coefficients may be calculated analytically. For instance, in the case of the hard-sphere (HS) fluid, the first four virial coefficients are known analytically. The same applies to the celebrated Asakura-Oosawa (AO) model, 4-6 which describes colloidal HSs in a solvent of ideal polymers that interpenetrate each other but interact with the colloids via a HS repulsion. In this case, considering that the system may be taken as a nonadditive hard-sphere (NAHS) binary mixture with high size asymmetry, analytical results for the first four virial coefficients have been very recently reported. 7 In general, however, numerical evaluation is required and even for simple potentials such as the ones just mentioned there are various technical difficulties involved in computing the higher order virial coefficients. A noteworthy aspect of the usefulness of virial coefficients is that the comparison of these coefficients for the original system and the ones stemming out of the coarse-grained interaction potential will indicate to what extent and under which conditions the neglect of the many-body terms in the latter has an impact on whether the thermodynamic properties of both systems agree.
Ever since its introduction, the AO model has received a lot of attention in the literature, including some very recent contributions. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] It is well known that its coarse-grained description involves an effective (depletion) pairwise interaction between the colloids that, among other things, leads to fluid-fluid demixing. Attempts to examine whether the thermodynamics obtained with the depletion potential agrees with the one of the full mixture have also been reported. In particular, it was found that, for a polymer/colloid size ratio q smaller than the threshold value q 0 = 2/ √ 3 − 1 ≈ 0.1547, the AO pair depletion potential turns out to be the only one contributing to the exact effective interaction among the solutes. 13 Recently, Ashton and Wilding 24 focused, via simulation, on the dominant many-body effect neglected in the pair potential description if q > q 0 , namely the one associated with the interaction between three colloidal particles. To this end, they examined the difference between the third virial coefficient of the full system and that of the effective system.
Here we will follow a similar route but also profit from the availability of the first five virial coefficients of the full NAHS mixture corresponding to the AO model 7 to derive, by the exact mapping that may be performed between both sets of coefficients, the second, third, and fourth virial coefficients that follow from the depletion pair potential which is obtained from the coarse-graining of the same mixture. The aim is to quantify the deviations from the exact results that one gets for both the third and fourth virial coefficients when computing them with the effective depletion potential. As we will see, the influence of non-pairwise interactions on the third and fourth virial coefficients is rather small for q 0.4 but becomes increasingly important for larger values of the size ratio.
The paper is organized as follows. In Sec. II, and in order to make the paper self-contained, we recall the results for the first five virial coefficients of the original AO binary mixture. This is followed in Sec. III by the introduction of the osmotic pressure of the colloidal system, which allows us to make the mapping between the virial coefficients of the mixture and those coming out of the effective one-component colloidal system. The analytical results that follow from the pair depletion potential approximation are presented in Sec. IV. Section V provides a comparison between the exact and the approximate results. The paper is closed in Sec. VI with further discussion and some concluding remarks.
II. VIRIAL COEFFICIENTS OF THE AO MODEL
Consider a binary fluid mixture of N = N c + N p spheres (colloids+polymers) in a volume V . The colloid and polymer mole fractions are x c = N c /N and x p = N p /N = 1 − x c , respectively. Analogously, the partial and total number densities are ρ c = N c /V , ρ p = N p /V , and ρ = ρ c + ρ p = N/V . The interactions are assumed to be of HS type. The distance of closest approach between spheres of species α and γ, denoted by σ αγ , is such that σ cc = σ c , σ pp = 0, and σ cp = 
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The usual virial expansion of the mixture reads
where a is the free energy per unit volume, p is the pressure, β = 1/k B T (k B being the Boltzmann constant and T being the absolute temperature), Λ α is the thermal de Broglie wavelength of species α, and the notation B n (x c , q) makes it explicit that the virial coefficients depend only on the mole fraction x c of the colloids and on the size ratio q. The second, third, fourth, and fifth virial coefficients of the AO model are given by (2.6) where all the composition-independent coefficients, except E 11112 and E 11122 , are exactly known as functions of q: 
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14) , N c , V, T ) , where µ p is the chemical potential of the polymer component. In that ensemble, the pressure of the mixture can be written as
where
is the polymer fugacity and Π(ρ c , z p ) is the osmotic pressure that takes into account the (formally) exact effective colloid-colloid interactions mediated by the polymers. Its virial expansion is Our aim in this section is to obtain the exact relations between the effective coefficients B Equations (3.5)-(3.10) provide the sought relationships between the effective and binary-mixture virial coefficients that account for all the three-and four-body interactions up to the fourth virial coefficients of the effective system.
IV. VIRIAL COEFFICIENTS ARISING FROM THE USE OF THE EFFECTIVE PAIR AO POTENTIAL
By integrating out the polymer degrees of freedom, it is possible to derive the formally exact effective manybody interaction potential of the colloids, Φ eff (r Nc ) ≡ Φ eff (r 1 , r 2 , . . . , r Nc ), in the AO model. The result is
where Θ(x) is the Heaviside step function and φ HS (r) is the original colloid-colloid HS pair potential of diameter σ c = 1. If q < q 0 , a polymer particle cannot overlap with more than two nonoverlapping colloids, so that Φ eff is exactly given by
where φ dep (r) is the effective pair AO depletion potential. It is given by
where ω(r) = 1 2q 3 (1 + q − r) 2 (2 + 2q + r). The corresponding Mayer function is
with f HS (r) = −Θ(1 − r) and f
j /j!. On the other hand, if q 0 < q ≤ 1, m-body terms with 3 ≤ m ≤ 11 gradually contribute to Φ eff , the upper limit (m = 11) being due to the fact that a polymer can overlap simultaneously with 12 nonoverlapping colloids only if q > 1.
25 Therefore, Eq. (4.2) becomes an approximation (henceforth referred to as the depletion approximation) if q > q 0 . In the remainder of this section we explicitly evaluate the effective virial coefficients B (j) n with n+j ≤ 5 for any 0 ≤ q ≤ 1 in this depletion approximation.
A. Second virial coefficient
As a consequence of (4.5), the second virial coefficient is
From here one can easily obtain . Equations (4.7)-(4.9) agree with Eqs. (3.6) and (3.7). Of course, this is an expected result since the pair approximation is exact at the level of the second virial coefficient.
B. Third virial coefficient
We now turn to the third virial coefficient
is the Fourier transform of f dep (r). From Eq. (4.5) we have
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According to Eqs. (4.10) and (4.12), the coefficients B are given by
The explicit expressions of f (1) dep (k) and f As a byproduct, since Eq. (4.18) must be exact for q < q 0 , Eq. (3.9) allows one to obtain the exact expression of E 11122 for q < q 0 : The exact values of E 11122 corresponding to q = 0.05, 0.10, and 0.15 are −1.22960 × 10 −7 , −4.25092 × 10 −6 , and −3.50057 × 10 −5 , respectively. By comparison with the third column of Table I , we observe that the MC results agree with the exact values within the associated uncertainties.
C. Fourth virial coefficient
Finally, we consider the effective fourth virial coefficient in the pair depletion approximation. It is given by 
is the HS cavity function to second order in density, which is exactly known.
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After some lengthy algebra it is possible to find a fully analytical expression for B As said before, the (depletion) pair-potential approximation (4.2) is only correct if q < q 0 ≃ 0.1547. Beyond that value, the virial coefficients B eff n (with n ≥ 3) obtained from the AO pair potential (4.3) differ from the exact ones. In particular, the exact coefficient B Here we restrict ourselves to B
3 , B
3 , and B
4 . In the depletion approximation, they are given by Eqs. (4.17), (4.18) , and (B4)-(B8), respectively (if q ≤ 1). The exact expressions are given by Eqs. (3.8) , (3.9) , and (3.10), respectively, in terms of the compositionindependent virial coefficients of the binary mixture. 
3 , and (c) B
4 .
While in Eq. (3.8) all the coefficients are known analytically, in Eqs. (3.9) and (3.10) one needs to resort (for q > q 0 ) to numerical MC evaluations listed in Table I . The comparison between the exact and approximate coefficients is carried out in Fig. 1 . We see that the influence of three-body interactions on B 
4 : the role played by three-and four-body interactions is irrelevant if q ≤ 0.4 but becomes essential as q increases. We observe that the non-pairwise contributions to the true effective many-body colloid potential tend to increase the values of B depletion-potential estimates, thus partially compensating for the attractive character of the depletion potential. For instance, while the depletion approximation predicts a monotonic decrease of B (1) 3 with increasing q, the exact coefficient presents a non-monotonic behavior with a minimum at q ≃ 0.54. Also, B
(1) 4 is negative definite in the depletion approximation, while it actually changes from negative to positive at q ≃ 0.74.
Assuming sufficiently small values of η p,r , the expansion (3.4) can be truncated to obtain the approximate forms B Figure 2(a) is qualitatively analogous to Fig. 3 of Ref. 24 . We observe that three-and four-body interactions become relevant for η p,r 0.1 if q = 0.8.
VI. CONCLUDING REMARKS

Using the available results
7 for the virial coefficients of the AO binary-mixture model, in this paper we have assessed, for size ratios 0 < q < 1, the effect of neglecting three-and four-body interactions on the values of the effective one-component virial coefficients B eff   3 and B eff 4 that follow from the depletion pair potential derived in the coarse-grained version of such a model. While it was already well known that the coarse-grained version is exact for q ≤ q 0 = 2/ √ 3 − 1 ≃ 0.1547, the mapping between the virial coefficients of the true mixture and the effective ones that we have presented here, together with the corresponding analytical results, have allowed us to explicitly quantify the differences for the partial contributions B for q > q 0 . As an extra bonus of this mapping, exact analytical expressions for the binary-mixture coefficients E 11122 and E 11112 were derived for any size ratio q < q 0 . The same was in turn useful to check the accuracy of our numerical results for those coefficients, which were proven to be very reliable.
The results indicate that the pair depletion approximation is very accurate for q 0 < q 0.4 but one must certainly take into account the influence of three-body interactions on B , it is reasonable to expect that fourbody terms could be important at least for values of q close to unity. All these facts should be especially noteworthy when dealing with dense systems. Also, for small values of η p,r , such an influence has been shown here to be relevant. In fact, as already pointed out in the case of three-body interactions by the numerical studies of Ashton and Wilding, 24 the deviation between the exact and depletion values of B eff 3 significantly increases as η p,r becomes larger. Therefore, care must be exercised when drawing conclusions from the coarse-grained version of the AO model if either q or η p,r , or both, are large.
